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Abstract 

Artin groups (also known as Artin-Tits groups) are generalizations 
of Artin's braid groups. This paper concerns Artin groups of spherical 
type, that is, those whose corresponding Coxeter group is finite, as is the 
case for the braid groups. We compute presentations for the commuta- 
tor subgroups of the irreducible spherical-type Artin groups, generalizing 
the work of Gorin and Lin GL69 on the braid groups. Using these pre- 
sentations we determine the local indicability of the irreducible spherical 
Artin groups (except for F4, which at this time remains undetermined). 
We end with a discussion of the current state of the right-orderability of 
the spherical-type Artin groups. 

1 Introduction 

A number of recent discoveries regarding the Artin braid groups Q3n complete a 
rather interesting story about the orderabihty^ of these groups. These discov- 
eries were as follows. 

In 1969, Gorin and Lin |GL69| . by computing presentations for the commu- 
tator subgroups Q5J^ of the braid groups S„, showed that is a free group of 
rank 2, S4 is the semidirect product of two free groups (each of rank 2), and 

is finitely generated and perfect for rt > 5. It follows from these results that 
*B„ is locally indicable^ if and only if n < 5. 

Neuwirth in 1974 |Neu74| . observed Q5„ is not bi-orderable if n > 3. Twenty 
years later, Dehornoy IDeh94| showed the braid groups are in fact right-orderable 
for all n. Furthermore, it has been observed, ^Z^hi, tKR03. . that the subgroups 
Vn of pure braids are bi-orderable. 

These orderings were fundamentally different, and it was natural to ask if 
there might be compatible orderings, that is a right-invariant ordering of *8„ 

group G is right-orderable if there exists a strict total ordering < of its elements which 
is right-invariant: g < h implies gk < hk for all g,h,k G G. If in addition g < h implies 
kg < kh, the group is said to be orderable, or for emphasis, bi-orderable. 

■^A group G is locally indicable if for every nontrivial, finitely generated subgroup H of G 
there exists a nontrivial homomorphism H —f Z. 
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which restricts to a bi-ordering of Vn- This question was answered by Rhem- 
tulla and Rolfsen |RR02| by exploiting the connection between local indicability 
and orderability. They showed that since the braid groups 55„ are not locally 
indicable for n > 5 a right-ordering on Q5„ could not restrict to a bi-ordering on 
Vn (or on any subgroup of finite index). 

This paper is concerned with investigating the extent to which of these re- 
sults on the braid groups extend to other Artin groups, or at least those of 
spherical type (defined in the next section). In particular, we are concerned 
with determining the local indicability of the spherical Artin groups. Because 
the full details of the Gorin-Lin calculations do not seem to appear in the litera- 
ture, we present a fairly comprehensive account of the calculation of commutator 
subgroups of the braid groups, which are the Artin groups of type An. These 
methods, essentially the Reidemeister-Schreier method plus a few tricks, are 
also used to calculate presentations of the commutator subgroups of the other 
spherical Artin groups. 

In the next section we will define Coxeter graphs F, the corresponding Cox- 
eter groups Wr and the Artin groups ^r- The spherical Artin groups are classi- 
fied according to types: An{n > 1), Bnin > 2), Dn{n > A), Eq, Ey, Es, Fi, H3, H4 
and /2(m), (m > 5). Our main results are summarized in the following theorem, 
where denotes the commutator subgroup. Recall that a perfect group is one 
which equals its own commutator subgroup; any homomorphism from a perfect 
group to an abelian group must be trivial. 

Theorem 1.1 The following commutator subgroups are finitely generated and 
perfect: 



1. 


-4a„ 


for n 


>4, 


2. 




for n 


> 5, 


3. 




for n 


>5, 


I 


A' 


for n 


= 6,7, 


5. 


A' 


for n 


= 3,4. 



Hence, the corresponding Artin groups are not locally indicable. 

On the other hand, we show the remaining spherical-type Artin groups are 
locally indicable (excluding the type F4 which at this time remains undeter- 
mined) . 

In a final section we discuss the orderability of the spherical-type Artin 
groups. We show that to determine the orderability of the spherical-type Artin 
groups it is sufficient to consider the positive Artin monoid. Furthermore, we 
show that to prove all spherical-type Artin groups are right-orderable it would 
suffice to show the Artin group (or monoid) of type Eg is right-orderable. 
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2 Coxeter and Artin groups 



Let S" be a finite set. A Coxeter matrix over S' is a matrix M ~ {niss')s,s'£S 
indexed by the elements of S and satisfying 

(a) niss = 1 if s G S*, 

(b) niss' = ms's G {2, . • . , oo} if s,s' E S and s ^ s'. 

A Coxeter matrix M = {mss')s,s'£S is usually represented by its Coxeter 
graph r. This is defined by the following data. 

(a) S is the set of vertices of F. 

(b) Two vertices s,s' € S are joined by an edge if russ' > 3. 

(c) The edge joining two vertices s, s' G S is labelled by niss' if mss' ^ 4. 

The Coxeter system of type F (or AI) is the pair {W, S) where W is the group 
having the presentation 

W^{seS: (55')"==' = 1 if ^^ss' < 00). 

Example 2.1 It is well known that the symmetric group on {n + l)-letters is 
the Coxeter group associated with the Coxeter graph; 

m m m • • • m m 9 

1 2 3 n-2 n - 1 

where vertex i corresponds to the transposition {i i + I). 

If {W, S) is a Coxeter system with Coxeter graph F (resp. Coxeter matrix 
M) then we say that F (resp. M) is of spherical-type if W is finite. If F 
is connected, then W is said to be irreducible. Coxeter jCox34| classified all 
irreducible Coxeter groups which are finite, a result that plays a central role in 
the theory of Lie groups. We refer the reader to |Hum72| (see also Bourbaki 
|Bou72| . |Bou02p for further details on Coxeter groups, including a proof of the 
following. 

Theorem 2.2 The connected Coxeter graphs of spherical type are exactly those 
depicted in figure^ 

The letter beside each of the graphs in figure ^ is called the type of the 
Coxeter graph; the subscript denotes the number of vertices. Recall example 12. II 
shows the symmetric group on (n+l)-letters is a Coxeter group of type An- 

Let M be a Coxeter matrix over S as described above, and let F be the 
corresponding Coxeter graph. Fix a set S in one-to-one correspondence with S. 

We adopt the following notation, where a, 6 € S: 

(a6)' — aba^. . ^ 

q factors 

The Artin system of type F (or M) is the pair {A, S) where A is the group 
having presentation 

A={ae^: (a6)""' = (60)™"" if ruab < oo). 
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him) (m > 5) • • 



Figure 1: The connected Coxeter graphs of spherical type 



The group A is called the Artin group of type F (or M), and is sometimes 
denoted by Ar- So, as with Coxeter systems, an Artin system is an Artin group 
with a prescribed set of generators. 

There is a natural map : Ar — > Wr sending generator G S to the 
corresponding generator Si G S. This map is indeed a homomorphism since the 
equation {siSj}"^'^ = (sjSi)"^'^ follows from s| = 1, s| = 1 and {siSj)™'^ = 1. 
Since v is clearly surjective it follows that the Coxeter group Wr is a quotient 
of the Artin group ^r- The kernel of v is called the pure Artin group, 
generalizing the definition of the pure braid group. 

Example 2.3 The Artin group Aa^ '■s isomorphic with the braid group 
on n + 1 strings. The homomorphism Aa„ —> Wa„ corresponds to the map 
which assigns to each braid the permutation determined by running from one 
end of the strings to the other. Pure braids are those for which the permutation 
is the identity. 

The Artin group of a spherical-type Coxeter graph is called an Artin group 
of spherical-type, that is, the corresponding Coxeter group Wr is finite. An 
Artin group is called irreducible if the Coxeter graph F is connected. In 
particular, the Artin groups corresponding to the graphs in figure ^ are those 
which are irreducible and of spherical-type. These Artin groups are by far the 
most well-understood, and are our main interest in the remaining sections. 

Van der Lek (Lek83] has shown that for each subgraph / C S the correspond- 
ing subgroup and subgraph are an Artin system. That is, parabolic subgroups 
of Artin groups (those generated by a subset of the generators) are indeed Artin 
groups. A proof of this fact also appears in j Par97j . Thus inclusions among 
Coxeter graphs give rise to inclusions for the associated Artin groups. Crisp 
jCri99j shows quite a few more inclusions hold among the irreducible spherical- 
type Artin groups. Table ^ summarizes these inclusions. Notice that every 
irreducible spherical-type Artin group embeds into an Artin group of type A, 
D or E. 

Cohen and Wales |CW02| use the fact that irreducible finite type Artin 
groups embed into an Artin group of type A, D oi E to show all Artin groups 
of spherical-type are linear (have a faithful finite-dimensional linear representa- 
tion) by showing Artin groups of type D, and E are linear, thus generalizing the 
recent result that the braid groups (Artin groups of type A) are linear |Big01| , 

mm- 

We close this section by noting that Deligne |Del72| showed that each Artin 
group of spherical-type appears as the fundamental group of the complement of 
a complex hyperplane arrangement, which is an Eilenberg-Maclane space. From 
this point of view we can see that spherical-type Artin groups are torsion free 
and have finite cohomological dimension. 
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R._Li (n > 2) 

^n+i V — /' 




-^7i-|-2 ) 




Ee (l<n< 5), 




-By (1 < n < 6), 




(1 < n < 7), 




F4, iJs (1 < n < 2), 




i/4 (1 < n < 3) 




/2(3) (l<n<2) 


Bn 


An, Ain-l-, A-in-, Dn+1 


Eg 


E7, Es 


Er 


Es 


Fi 


Ee, Et, Es 


H3 


De 


H4 


Es 


him) 


Am-l 



Table 1: Inclusions among Artin groups 

3 Commutator Subgroups 

Our basic tool for finding presentations for the commutator subgroups of Artin 
groups is the classical Reidemeister-Schreier method. To fix notation, we begin 
with a brief review of this algorithm. For a more complete discussion, see 
IMKS76 . 

3.1 Reidemeister-Schreier algorithm 

Let G be an arbitrary group with presentation (oi, . . . , a„ : R^{au), ■ ■ ■) and H 
a subgroup of G. A system of words TZ in the generators ai, . . . , a„ is called a 
Schreier system for G modulo H if (i) every right coset oi H in G contains 
exactly one word of TZ (i.e. Tl forms a system of right coset representatives), 
(ii) for each word in TZ any initial segment is also in TZ (i.e. initial segments of 
right coset representatives are again right coset representatives). Such a Schreier 
system always exists, see for example |MKS76j . Suppose now that we have fixed 
a Schreier system TZ. For each word W in the generators ai , . . . , a„ we let 
denote the unique representative in TZ of the right coset HW . Denote 

SK,a^ = Kay ■ Kay (1) 
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for each K E TZ and generator a^, . A theorem of Reidemeister-Schreier (theorem 
2.9 in [MKS76]) states that H has presentation 

{SK,a^, SM,a^,. ■ • , t{KR^K-^), . . .) (2) 

where K is an arbitrary Schreier representative, is an arbitrary generator 
and Rfj, is an arbitrary defining relator in the presentation of G, and M is a 
Schreier representative and a\ a generator such that 

Ma\ w Ma\, 

where w means "freely equal", i.e. equal in the free group generated by 
{ai,...,a„}. The function r is a Reidemeister rewriting function and 
is defined according to the rule 

where Ki- = aj^ • • • a^^^^ if e, = 1, and Ki- = aj^ • • • a^^ , if e, ■ = — 1. It should 
be noted that computation of t{U) can be carried out by replacing a symbol a% 
of U by the appropriate s-symbol ^ . The main property of a Reidemeister 
rewriting function is that for an element U E H given in terms of the generators 
the word t{U) is the same element of H rewritten in terms of the generators 

SK,a^,■ 

3.2 Characterization of the commutator subgroups 

The commutator subgroup G' of a group G is the subgroup generated by 
the elements [51,32] := 9i929i^92^ foi" 51)52 € G. Such elements are called 
commutators. It is an elementary fact in group theory that G' is a normal 
subgroup in G and the quotient group G/G' is abelian. In fact, for any normal 
subgroup N <i G the quotient group G/N is abelian if and only if G' < A^. If 
G is given in terms of a presentation {Q : TZ) where ^ is a set of generators and 
7^ is a set of relations, then a presentation for G/G' is obtained by abelianizing 
the presentation for G, that is, by adding relations gh = hg for all g,h G Q. 
This is denoted by {G : T^)Ab- 

Let U e Ar, and write U = a]^ - ■ ■ ajj;, where Cj = ±1. The (canonical) 
degree of U is defined to be 

deg(f/) := E;=ie,-. 

Since each defining relator in the presentation for has degree equal to zero 
the map deg is a well defined homomorphism from At into Z. Let TVr denote 
the kernel of deg; A/p — {U e At ■ deg(C/) — 0}. It is a well known fact that 
for the braid group (i.e. F = An) Ma^ is precisely the commutator subgroup. 
In this section we generalize this fact for all Artin groups. 
Let 

Lodd denote the graph obtained from T by removing all the even-labelled 
edges and the edges labelled 00. The following theorem tells us exactly when 
the commutator subgroup A^ is equal to Nr. 
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Proposition 3.1 For an Artin group Ar, ^odd is connected if and only if the 
commutator subgroup A'y is equal to Ar • 

Proof. For the direction (=^) the connectedness of Todd implies 

Indeed, start with any generator ai, for any other generator aj there is a path 
from at to Uj in Todd- 

Since 'nii^i^j^-^ is odd the relation 

becomes a^^ = a^^^^ in At/A!-^- Hence, = Oj in At/ A'^- It follows that, 

At/A!y — (ai, . . . , a„ : ai = ■ • • = a„) 

~ Z, 

where the isomorphism (j) '■ Ay / A'y — > Z is given by 

UA!^ I — > deg([/). 

Therefore, = ker^ = Mr- 

We leave the proof of the other direction to proposition 13.21 where a more 
general result is stated. □ 

For the case when Todd is not connected we can get a more general description 
of A!y ^ follows. Let Todd have m connected components; Todd = Fi U . . . U Fm- 
Let Ei C E be the corresponding sets of vertices. For each 1 < fc < rn define 
the map 

degfc : — > Z 
as follows: If C/ — all' ■ ■ G take 

deg,(C/) = 

l<j<r where at^ 

It is straight forward to check that for each 1 < /c < m the map degj. agrees on 
(ab)"^"'' and (foa)™"'' for all a, 6 € E. Hence, deg^, : — > Z is a homomorphism 
for each 1 < k < m. We combine these m degree maps to get the following 
homomorphism: 

degr : ylr — ^ 

by 

degr(;7) = (degi(C/),...,deg,„(C/)). 

When Todd is connected, i.e. m ~ 1, degp is just the canonical degree. For 
U G At we call degp(J7) the degree of U. The following theorem tells us that 
the kernel of degp is precisely the commutator subgroup of • 
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Proposition 3.2 Let T be a Coxeter graph such that Todd has m connected 
components. Then = ker(degp) and Ar/A'^^ = Z™. 

Proof. This follows from 

ai = a.j iff i and j lie in the same connected 
component of Vodd)A_hy 

with the isomorphism given by 

U^^ ^ (degi([7), . . . ,deg,„(C7)) = degr(C7), 
In other words, degp is precisely the abelianization map on ^r- □ 
It follows that and fit into a short exact sequence 

l^A'r^Ar 1, 
3.3 Computing the presentations 

In this section we compute presentations for the commutator subgroups of the 
irreducible spherical- type Artin groups. We will show that, for the most part, 
the commutator subgroups are finitely generated and perfect (equal to its com- 
mutator subgroup). 

Figure |21 shows that each irreducible spherical-type Artin group falls into 
one of two classes; (i) those in which Todd is connected and (ii) those in which 
Todd has two components. Within a given class the arguments are quite similar. 
Thus, we will only show the complete details of the computations for types A„ 
and Bn- The rest of the types have similar computations. 

3.3.1 Lemmas for simplifying presentations 

We will encounter two sets of relations quite often in our computations and it 
will be necessary to replace them with sets of simpler but equivalent relations. 
In this section we give two lemmas which allow us to make these replacements. 

Let {pk}k<£Z 1 CL, b, and q be letters. In the following keep in mind that the 
relators pk+iPk+2Pk^ sp\\i up into the two types of relations Pk+2 = Pk^Pk+i 
(for fc > 0), and pk = Pk+iPk+2 (^'^'^ fc < 0). The two lemmas are: 

Lemma 3.3 The set of relations 

Pfc+iPfc+2Pfe ^ = 1' Pkapk+2a~'^p^l^a~'^ = 1, b = poap^^, (4) 



Ar/A'r 



(ai, . . . , an 
(ai, . . . , a„ 
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{A„)odd {n > 1) • • • 

ai a2 as 



an — 2 CLn — l a-n 



{Bn)odd {n>2) •- 



ai a2 03 



• • • 

ttn — 2 Q-n — 1 Ctn 



(£'n)odd > 4) 



odd 



[El) 



odd 



(Es) 



odd 



ai a2 03 



ttn-S «n-2 



ai a2 03 04 05 

107 

• • • 

ai 02 as a4 05 ae 

I as 

• • • • 

ai a2 03 ^4 05 aQ 07 



On 



odd 



ai a2 as 04 



(^3) 



odd 



5 

• • • 

oi a2 03 



(^4) 



odd 



ai a2 a3 a4 



{h{m))odd {m > 5) 



ai a2 



TO odd 



(12 



TO even 



Figure 2: Fodcj for the irreducible spherical- type Coxeter graphs T 
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is equivalent to the set 



Pk+lPk+2Pk =1) (5) 

PoaPo^ = (6) 

Pobpo^ = b\-^b (7) 

Piap^^ = a^^b, (8) 

pi&p-i = (a-i6)-''a-26. (9) 

Lemma 3.4 The set of relations: 

Pk+lPkUPk^ = 1' PkQ = QPk+l, 

is equivalent to the set 

Pk+iPkl2Pk^ = 1' Poq = QPi, Pil = qPa^Pi- 

The proof of lemma is straightforward. On the other hand, the proof of 
the lemma 1^31 is somewhat long and tedious. 

Proof. [Lemma 13. 4| Clearly the second set of relations follows from the first 
set of relations since p2 — p^^Pi- To prove the converse we first prove that 
PkQ = qPk+i {k > 0) follows from the second set of relations by induction on k. 
It is easy to see then that the same is true for fc < 0. For fc = 0, 1 the result 
clearly holds. Now, for k = m + 2; 

Pm+2qP7yi\3<l^^ = Pm+2qPVn+2Pm+iq'^ , 

= Pni+2{pVn+i(l)Pm+iq^^ by IH (fc = m + 1), 

= Pni+2PVn+l{qPm+l)q~^ , 

= Pm+2P^+i{p,nq)q^'^ byIH(fc = m), 



Pm+2Prr^+lPm, 



= 1. 



□ 



Proof. [Lemma First we show the second set of relations follows from the 
first set. Taking fc = in the second relation in we get the relation 

Poap2a^^Pi^a^^ = 1, 

and, using the relations p2 — P^^Pi and h = p^apQ^ , (jSJ easily follows. Taking 
fc = 1 in the second relation in Q we get the relation 

Piap3a'^P2^a^^ = 1- 
Using the relations ps = Pi^P2 and p2 ~ Pa^Pi this becomes 
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But piapi^ = a~^b (by ©) so this reduces to 

a^^bp^^b^^apoa^^ — 1. 
Isolating bpQ^ on one side of the equation gives 

bpQ^ = a^pQ^a^^b. 

Multiplying both sides on the left by po and using the relation poap^^ = 6 it 
easily follows pobpQ^ = b^a~^b, which is JT)!. Finally, taking fc = 2 in the second 
relation in Q we get the relation 

P2ap4a^^p^^a^^ = 1. 

Using the relation p4 = P2^P3 this becomes 

P2ap2^P3a~^p^^a^^ = 1. (10) 

Note that 

P2ap2^ = Po^PiaPi^Po byp2=PoVi 
= p^^a-^bpo by © 
= a^^ba^^a using Q and iQ 

= a-^b 

and 

Paapg ^ Pi^P2ap2^Pi by pa = pj"^p2 

= p^^a^^bpi, 

where the second equality follows from the previous statement. Thus, pU|l 
becomes 

a^^bpi^b^^a^pia^^ = 1 

Isolating the factor bp^^ on one side of the equation, multiplying both sides by 
Pi , and using the relation ^ we easily get the relation Q . Therefore we have 
that the second set of relations (0)-© follows from the first set of relations 

In order to show the relations in Q follow from the relations in ©-© it 
suffices to just show that the second relation in Q follows from the relations in 
(inj)-®. To do this we need the following fact: The relations 



Pkap-^ = a^b, (11) 

p^bp^^ = (a-'=6)'=+2a-('=+i)6, (12) 

pj:^apk = ab-^a^+'^, (13) 

plHpk = {ab-^a'^+^fa, (14) 
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follow from the relations in jSJ)-®. The proof of this fact is left to lemma 13.51 
below. From the relations Hll() - (|14|l we obtain 

Pk+iap'^l-^ = a^'^'^^^h = a^^ ■ a^^h = a'^pkap'^^, (15) 

and 

Pfc+iOPfe+i = ab^^a'^^'^ = ab^^al^^^a ^ p^^apkCi. (16) 

Now we are in a position to show that that the second relation in follows 
from the relations in ((SI)-®. For fc > 

PkaPk+2a^^Pllia^^ = PkaPk^ Pk+ia^^PkliO-^^ by© 

= Pkap^'^ia^^Pkapl^y^a^^ by |(TSJl 
= 1. 

and for fc < 

Pkapk+2a~^p'^l^a~'^ = p^+i p~_J;2"Pfc+2 a" Vfc+iO"^ by® 

= P/c+i(Pfc+iaPfe+ia)a"Vfc^ia"^ by lO 
= 1. 

Therefore, the relations 

Pkapk+2a^^Pklia'^^ = 1, fc e Z 
follow from the relations in (0-0. □ 

To complete the proof of lemma I^TSl we need to prove the following. 

Lemma 3.5 The relations 

Pkap^^ = a'^b 

Pkbp^' - (a-'=6)'=+2a-('=+i)& 

Pk^apk = ab^^a''+^ 

Pk^bpk = (a6-ia^+2)'=a 

follow from the relations in 

Proof. We will use induction to prove the result for nonnegative indices k, 
the result for negative indices k is similar. Clearly this holds for k = 0, 1. For 
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P,nPm+iap„XlPrn by ©, 

P7n'^^^"^^^''^Pm by induction hypothesis (IH), 
(p-/a-(™+i)p™)(p-i6p™), 

(a6-ia"+2)-('"+i){a6-^a™+2)'"a by IH, 

Pm+2bp~n+2 = Pni^Pm + lbp;^\iP„i by © , 

= p„i(a-^™+i)6)'"+3a-('"+2)6p„, by IH, 

• (o6^ia"+2)-('"+2) (a6-ia"+2)™a by IH, 
= (a-("+2)6)"+3(a6-ia"+2)-2a, 

Similarly for the other two equations. Thus, the result follows by induction. □ 



k = m + 2 we have 



3.3.2 Type A 

The first presentation for the commutator subgroup ^'n+i — A'j^^ of the braid 
group 03,1+ 1 = Aa„ appeared in |GL69j but the details of the computation were 
minimal. Here we fill in the details of Gorin and Lin's computation. 
The presentation of Aa„ is 

Aa„ = (flij ...jfln '■ Qiaj — ajGi for \i — j\ > 2, 

aiflj+iflj = ai+iaiUi+i for 1 < i < n - 1 ). 

Since {An) odd is connected then by proposition 13.21 A\ = ker(deg). Elements 
U,V ^ Aa„ lie in the same right coset of A'j^ precisely when they have the 
same degree: 

A'a^U = A'a^V 4=> UV^^eA'A^ 

^ deg({/)=deg(T/), 

thus a Schreier system of right coset representatives for Aa^ modulo A'j^ is 

7^ = {af : /c e Z} 

By the Reidemeister-Schreier method, in particular equation Q, A'j^^^ has gen- 
erators s^k ^_ := a\aj{a\aj)~^ with presentation 

{Sa1,ap--- ■ SaY^^a^, ■ ■ ■ ,T{a{R^a7'^), . . . ,T{a{T^ja];^), . . .), (17) 
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where j € {1, . . . , n}, k,£ € Z, and m G Z, A G {1, . . . , n} such that aY^ax w 
o^oa ("freely equal"), and Tij, Ri represent the relators aiaja~^a~^ , > 2, 

and aiai_|_iaia~(_\a~^aj^\, respectively. Our goal is to clean up this presentation. 
The first thing to notice is that 



Thus, the first type of relation in l|17|l is precisly Sa™,ai — 1, for a-U e Z. 

Next, we use the definition of the Reidemeister rewriting function ^ to 
express the second and third types of relations in (|17() in terms of the generators 



ria^Ti ,-ai ^) = s„k „.Sk+i „ s J, , s } (18) 
ria'^RioV^) = s„fe„.s„fc+i„ s„fc+2 „ s~..+2 s~J,, s~} (19) 



Taking i = 1, j > 3 in lO we get 



Thus, by induction on k, 



-»1 t^-D 



Sl,a, (20) 



for j > 3 and for all fc e Z. 

Therefore, A'j^^ is generated by Safc^a2 ~ 0^020]^*''^^^'' and si^af = aeai^, 
where fcGZ,3<^<n. To simplify notation let us rename the generators; let 
Pk '■= 0^020]^ C^+i) g^j^(j a^flj^i^ for fcGZ,3<^<n. We now investigate 

the relations in ((TH|l and itT^ . 

The relations in (|19|l break up into the following three types (using 120(1 : 

Pk+iPkl2Pk^ (taking i = 1) (21) 
Pkq3Pk+2q3^Pkliq3^ (taking i = 2) (22) 
qiqi+iqiql^^q:[^ q^^^ for 3 < i < n - 1. (23) 

The relations in ( I18|l break up into the following two types: 

PkqjPkliqJ^ for 4 < j < n, (taking i = 2) (24) 
qiqjqi^qj^ for 3 < i < j < n, |i - j| > 2. (25) 

We now have a presentation for A!j^ consisting of the generators Pk,q£, 
where fceZ, 3<^<n— 1, and defining relations H21|) - H25|) . However, notice 
that relation H21|l splits up into the two relations 

Pk+2=P^^Pk+i for fc > 0, (26) 
Pk = for fc < 0. (27) 



15 



Thus, for fc ^ 0, 1, pk can be expressed in terms of po andpi. It follows that A'j^^ 
is finitely generated. In order to show A'j^^ is finitely presented we need to be 
able to replace the infinitly many relations in (|22|l and (|24|) with finitely many 
relations. This can be done using lemmas and [3.41 but this requires us to 
add a new letter b to the generating set with a new relation b = poqsPo^- Thus 
A'ji^ is generated by po,pi,qe, b, where 3 < ^ < n — 1, with defining relations: 

PoqsPo^ = b, Pobpa^ = b^q^^b, PiQsPi^ = q^^b, Pibp^^ = {q^^bfq^^b, 
qiqi+iqiql^-^q^'^ql^-^ (3 < i < n - 1), 
Poqj = qjPi (4 < j < n), piq.j = qjPo^Pi (4 < j < n). 

q^qJq~\~^ (3 < « < j < |z - j| > 2). 

Noticing that for n = 2 the generators (//t (3 < fc < n), and b do not exist, 
and for n — i the generators qu (4 < fc < n) do not exist, we have proved the 
following theorem. 

Theorem 3.6 For every n > 2 the commutator subgroup A'j^ of the Artin 
group Aa„ is a finitely presented group. A!j^ is a free group with two free 
generators 

po = a2aj;\ pi^aia2a^'^. 
A'j^^ is the group generated by 

Po = 0-20-1^, Pi = aia2ai'^, q — a^a^^ , 6 = a2aj""^a3a^"^, 



with defining relations 



PoqPo \ Pobpo ^ = b'^q ^b, 



PiqPi ^ ^ q ^b, pibp^ ^ = {q ^b)^q ^6. 
For n > 4 the group A!j^ is generated by 

= a2a^^ Pi=aia2a^'^, 93 = asaj"^ 
b — a2ai^a:}a2^ , qi — a^a^^ (4 < ^ < n — 1), 

with defining relations 

b = PoqsPo^, Pobpo^ = b^q^^b, 
PiqsPi^ = 93^^^, Pibpi^ = {q^^bfq^'^b, 
Poqi^qiPi (4<i<n), piqi^qip^^pi (4 < i < n) 
q^qi = 9*93 (5 < i < n), 939493 = 949394, 
qiqj ^ qjqi (4 < « < j - 1 < n - 1), 9j9i+i9i = 9i+i9t9i+i (4<«<'^-i)- 

□ 
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Corollary 3.7 For n > 4 the commutator subgroup A'j^^ of the Artin group of 
type An is finitely generated and perfect (i.e. A'^^^ — A!j^^J. 

Proof. Abclianizing the presentation of A!j^ in the theorem results in a 
presentation of the trivial group. Hence A!'j^^ = A!a^ ■ n 

Now we study in greater detail the group Alj^^ , the results of which will be 
used in section 14.2.11 From the presentation of A!j^^ given in theorem 13.61 one 
can easily deduce the relations: 

Po ^9Po = qh^^q^: Po^bpo = q, 
Pi^qPi = qb^^q^: Pi^bpi = qb^^q^. 

Let T be the subgroup of A'^ generated by q and b. The above relations and the 
defining relations in the presentation for A'y^^ tell us that T is a normal subgroup 
of A'j^^. To obtain a representation of the factor group A'^^/T it is sufficient 
to add to the defining relations in the presentation for A'^^ the relations q — 1 
and b — 1. It is easy to see this results in the presentation of the free group 
generated by po and pi. Thus, A'j^ /T is a free group of rank 2, F2. We have 
the exact sequence 

1-^T-^A'a.^^A'aJT-^1. 

Since A'j^^/T is free then the exact sequence is actually split so 

A'a,^TxA'aJT^TxF2, 

where the action of F2 on T is given by the defining relations in the presentation 
of A'j^^ and the relations above. In |GL6 9' it is shown (theorem 2.6) the group 
T is also free of rank 2, so we have the following theorem. 

Theorem 3.8 The commutator subgroup A'j^^ of the Artin group of type A3 is 
the semidirect product of two free groups each of rank 2; 

□ 

3.3.3 Type B 

The presentation of Ab^ is 

Ab^ — (fli, a-n ■ CLiOj — OjOi for \i — j\ > 2, 

aiOi+iOi = ai+iaiCi+i for 1 < i < n — 2 

Let Tij, Ri (1 < i < n — 2), and i?„-i denote the associated relators aiaja~^a~^ , 
aiOi+iata^j^j^a^r'^a^^j^, and a„_ia„a„_ia„a,7lja,7ia~ija,~\ respectively. 
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As seen in figureElthe graph {Bn)odd has two components: Fi and where 
r2 denotes the component containing the single vertiex a„. Let degj^ and deg2 
denote the associated degree maps, respectively, so from proposition 13.21 

Mb„ ={U e Ab^ ■■ degi(t/) and deg^iU) = 0}. 

For elements U,V & Aa,^ , 

A'b^U^A'b^V ^ UV-^eA'B^ 

^ degi(C/) = degi(F), and 
deg2(C/)=deg2(t/), 

thus a Schreier system of right coset representatives for ABr, modulo A'b^ is 

n = {a'lai:k,eeZ} 

By the Reidemeister-Schreier method, in particular equation ||2Jl, A'b^ is gener- 
ated by 



with presentation 

r(4alr,,, (a^al)-i), . . . , (1 < * < J < n, |* - j | > 2), 
T{a1aiRdaWn)''),---, {l<^<n-2), 
T{a'[aiRn-i{a'lai)-^), . . .), 

(28) 



where p, geZ, Ag {l,...,n— 1} such that a^a'^a\ « a\anax ("freely equal"). 
Again, our goal is to clean up this presentation. 

The cases n = 2, 3, and 4 are straightforward after one sees the computation 
for the general case n > 5, so we will not include the computations for these 
cases. The results are included in theorem l3.9l From now on it will be assumed 
that n > 5. 

Since 

P q -ir-q — Ja?^^an ^^'^ ^ \ \ T ^ n 

a\ai^a\ w a^anax = < „ „ , i , <^=> A = ti or; A = 1 and 9 = 0, 

\a{a<J+' \ = n 

the first type of relations in l|28|) are precisely 

Safa4,a„ = 1> and S„fc „^ = 1. (29) 
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The second type of relations in (|28|l . after rewriting using equation are 

■Sa?al,aiS-fc-y— „ S— !— — S— L _i _i ■ (30) 



where ^ < i < j < n, \i — j\ > 2. Taking i = I and 3 < j < n — 1 gives: for 
£ = (using 123); 

(31) 



SO by induction on fc, 

■SaJ.a, =Sl,a, for 3 < j < 71 - 1, (32) 

and for i ^ 0; 

We will come back to relation H33I) in a bit. 

Taking i — 1 and j = rt in (|30|1 (and using (|29|l ) gives 

So, by induction on £ (and if^ l we get 

■Saja^,ai=l for /c, ^ G Z. (35) 

Taking 2<i<n-2, i + 2<j<nin (jSOJ gives 



s^fc^f „.s fc+i e s . s } , for 7 < n — 1, 



(36) 



_S4al,a,s,.^.^+i,,^ forj=n. 
In the case j = n induction on £ gives 

Sa1ai,a, = ■SaJ.a. (2 < i < n - 2). (37) 

So from it follows 



(38) 



J -^i^a^ 3 < z < n — 2 

We come back to the case j < n — 1 later. 

Returning now to we can use to get 

s k+i I — s„k„i „ (3 < 7 < n — 1). 
Thus, by induction on h 

Sajal.a, = ^a^.a, (3 < j < n - 1). (39) 
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For 3 < J < n — 2 we already know this (equation so the only new 

information we get from (|33|l is 



SaiM„-i e Z). 



(40) 



Collecting all the information we have obtained from T{a\al^Tij{a\a[^) 



1 < * < J < N — j| > 2, we get: 



1 (fc,^GZ), 

\si,ai 3<i<n~2, 
I s„k „„ i — 2, 



(41) 



and (from l|36|) '). for 2 < i < n — 3 and 2 + 2<j<7i — 1, 



This relation breaks up into the following cases (using (|41|l 



(42) 



for i = 2, 4 < j < n - 2, 

for i = 2, J = n — 1, 



si,aiSi,ajS];^;',^S];^^^. for 3 < i < n - 3, z + 2 < j < n - 2, 

,Sl,aiSa^,a„_iSliiSa^a„_i 



(43) 



for 3<i<ri — 3, j = n— 1, 



The third type of relations in jSSJ; T{aia^Ri{aial^) after rewriting using 
equation are 



which break down as follows (using (|41|l 'l: 



(44) 



S„k + 1 „ S J, 2 St'" (* — l)i 

■Sa*,a2'5l,a3'5Q5'+2^a2'*l,a3*aJ + ^a2*l''^3 
,'Sl,a„_2'5Qfj,a„_i'Sl,a„_2'Saf^.a„_i'*l,a„ 



for 3 < « < n — 3, 



(45) 



-2 ,aTi — 1 



(z = n-2), 



The fourth type of relations in r(a5;'a^i?„_i(af af^) ^), after rewriting 
using equation 101, is 



(46) 



where we have made extensive use of the relations ()41|l . 

From it follows that A'^^ is generated by s^^k^^^, si.oi, and Sa^,a„_i for 
fc,£ G Z and 3 < i < n — 2. For simplicity of notation let these generators be 
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denoted by pk, qi, and rg, respectively. Thus, we have shown that the foUowing 
is a set of defining relations for A'^^ : 

PkQj = QjPk+i (4 < i < n - 2, fc 6 Z), 
Pkri^ripk+i (kJeZ), 

Qiqj = qjqi (3 < i < j < n - 2, |i = j| > 2), 

Qire = rgqi (3 < i < n - 3), 
Pk+iPlUVk^ (fc e Z), (47) 

Pkq3Pk+2q3^Pkliq3^ [k e z), 
qiqi+iqi = qi+iqiqi+i (3 < i < n - 3), 

qn-2riqn-2 = rtqn-2ri {£ e Z), 

The first four relations are from H43|l . the next four are from H45|) . and the last 
one is from H4()|) . 

The fifth relation tells us that for ^ 0, 1, pfe can be expressed in terms of po 
and pi. Similarly the last relation tells us that for £ ^ 0,1, rg can be expressed 
in terms of rg and ri. From this it follows that A'^ is finitely generated. Using 
lemmas 13.31 and 13.41 to replace the first, second and sixth relations, assuming 
we have added a new generator b and relation b — poq^p^^ , we arrive at the 
following theorem. 

Theorem 3.9 For every n > 3 the commutator subgroup A'g of the Artin 
group Ab„ is a finitely generated group. Presentations for Ag , n > 2 are as 
follows: 

A'b2 ^ f''"^^ group on countably many generators: 

[4,ai] (£gZ\{0,±1}), [aja2,ai] (fceZ\{0}). 
A'g^ is a free group on four generators: 

[a^^,a2^], [a3,a2][aj"\a^^], [ai,a2][a^^ ,0^^], [aia3,a2][a^^ ,0:^^]. 
A'g^ is the group generated by 

Pk = a'ia2ai'-'^^^^ = [a'i, a2][ai^ , a2^], [k e Z) 
qi = 0403(0104)"^ = [a4,a3][a2"\a3 ^][a^\a^^], (£ e Z), 

with defining relations 

Pk+iPkl2Pk^ (keZ), 
PkqePk+2 = qePk+iqe [k, I e Z), 
qm+i = qt+iqt+2 (3 < i < n - 3). 
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For 71 > 5 the group A'g^ is generated by 

Pq = a2aj"\ pi=aia2aj"^, = a^a^^ , = a^a„_i(aia^)~"^ G Z), 
b = 020^^0:^02^ , qi = oio^^ (4 < i < n — 2), 
with defining relations 

PoQj = qjPi, PiQ] = qjPo^Pi ("4 < j < n - 2), 
Pori^ripi, piTi^TiPQ^pi (£eZ), 
QiQj = QjQi ft <i < j <n-2, \i = j\ > 2), 
qin = rf^i ("3 < i < n - 3j, 
Po93Po ^ b, Pobpo^ = b^q^'^b, 
PiQsPi^ = 93^^^, Pibpi^ {q^^bfq^'^b, 

qiQi+igt = qi+iqtqt+i (3 <i <n - 3), 

qn-2riqn-2 = rtqn-2ri (i G Zj, 

□ 

Corollary 3.10 For n > 5 t/ie commutator subgroup A'^^ of the Artin group 
of type Bn is finitely generated and perfect. 

Proof. Abelianizing the presentation of A'g in the theorem resuhs in a 
presentation of the trivial group. Hence Ag = A'g . □ 



3.3.4 Type D 

The presentation of Ad^ is 

Ad„ = (oi, On ■ OiOj = OjOi for 1 < i < j < n — l,\i — j\ > 2, 
a„aj — OjOn for j ^ n — 2, 
aiOi-^-iOi — Oi^iOiOi+i for \ < i < n — 2 

0'n-20'nO,n-2 = 0'nO,n-20'n) ■ 

As seen in figure|21the graph {Dn)odd is connected. So by proposition 13. II 

Xa^^ - {[/ e Ad,, ■■ deg(C/) = 0}. 

The computation of the presentation of A'jj^^ is similar to that of y^^^ , so we 
will not include it. 

Theorem 3.11 For every n > 4 the commutator subgroup A'jj of the Artin 
group Ad,, a finitely presented group. A!^,^ is the group generated by 



94 



— OiOi^ ^ b = 020^^0302^^, c = a2a|f ^a4a^^, 
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with defining relations 



b = PoqsPo , PobPo =h b, 

PiQsPi^ = 93^^^, Pibpi^ = {q^^bfq^'^b, 

c = Poq4Po^, Pocpo^ = c^q^^c, 

PmPi^ = C^c, picpj^^ = {q4:^cfq^^c, 

9394 = 9493- 



For n > 5 the group A'j^^ is generated by 



Pa = a2ai \ Pi aia2a ^ 



1 ■ 

-i„ „-i 



qi — aia-y ^ (3 < ^ < n), b — 020,-^ ^a3a2 
with defining relations 

b = P093P0 \ Po^Po ^ = ^^93"^^, 
PiQsPi^ = 93"^^, Pi^^r^ = ils^bfq^'^b, 
Poqj=qjPi, Pi9j = 9jPo (4 < j < n), 

qiQi+iqt = 9j+i9i9i+i (3 < i < 71 - 2), 

9ri9n-29n = 9ri-29n9n-2, 

9i9j = 9j9i (3 < i < j < n - 1, |z - j| > 2), 



□ 



Corollary 3.12 For n > 5 t/ie commutator subgroup A'jj of the Artin group 
of type is finitely presented and perfect. □ 

3.3.5 Type E 

The presentation of Ae„, n = 6,7, or 8, is 

Ae„ = {ai, ...jan ■ aiGj = ajai for 1 < i < j < n — — jj > 2, 
ajfln = anfti for i ^ 3, 
aiaij^iai = ai^iOiOi^i for 1 < i < n — 2 
asanas = a„a3a„). 

As seen in figure |21 the graph {En) odd is connected. So by proposition 

A'e„ ={Ue Ae,, ■■ dcg{U) = 0}. 

The computation of the presentation of A'^ is similar to that of A'j^ . 
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Theorem 3.13 For 71 = 6, 7, or 8 the commutator subgroup A!^^^ of the Artin 
group Ae„ is a finitely presented group. A'^^^ is the group generated by 

Po=a2ai^, Pi=aia2ai^, qi = aga^^ (3 < f < n), b = 020^^ 0^02^ , 
with defining relations 

b = PaqsPo^, PobpQ^ = b'^q^^b, 
PiQsPi^ = 93^^^, Pibpi^ = [q^'^bfq-'^b, 
PoQj^qjPi, Piqj ^ IjPq^Pi (4:<j<n), 
q%qi+iqi = qi+iqiqi+1 (3 < i < n - 2), 

qnqsqn = qsqnqs, 

QiQ] = QjQi (3 < i < j < n - 1, |i - j| > 2), 

qiqn = qnqi (4<i<n-i). 

□ 

Corollary 3.14 For n ~ 6,7, or 8 the commutator subgroup A'^ of the Artin 
group of type £"„ is finitely presented and perfect. □ 

3.3.6 Type F 

The presentation of APi is 

Api = (01,02,03,04 : OiOj = OjOi for |« - j| > 2, 

010201 = 020102, 
O2O3O2O3 = 03O2O3O2, 
03O4O3 = 04O3O4). 

As seen in figure|21the graph (En) odd has two components: Fi and r2, where 
Fi denotes the component containing the vertices 01,02, and r2 the component 
containing the vertices 03,04. Let degi and deg2 denote the associated degree 
maps, respectively, so from proposition 13.21 

A'f^ = {Ue Af, ■■ degi(C/) - and deg2([/) - 0}. 

By a computation similar to that of Bn we get the following. 

Theorem 3.15 The commutator subgroup A'p^ of the Artin group of type F4 is 
the group generated by 

Pk - 0^0207^'=+'^ = [oj,02][or\o^i] {k e Z), 
qi = 040304*^^+^^ = [o4,03][o4 \o;^^] {£ e Z), 
with defining relations 

Pk = Pfe+iPfe+2 (fc e Z), qi = qe+iqg_l2 e Z), 

PkqiPk+m+i = qePkqi+iPk+i {kj e z). 
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The first two types of relations in the above presentation teh us that for 
fc 7^ 0, 1, pk can be expressed in terms of po and pi, and similarly for qg. Thus 
A'p^ is finitely generated. However, A'p^ is not perfect since abelianizing the 
above presentation gives A'p^/Ap^ ~ Z"*. 

3.3.7 Type H 

The presentation of Ah„ , n = 3 or 4, is 

-^H„ = (oi, a„ : aiQj = a^aj for \i - j\ > 2, 

0102010201 = O2O1O2O1O2, 

o^Oi+iOi = Oi+io^Oi+i for 2 < i < n — 1 ). 

As seen in figure |3 the graph {Hn)odd is connected. So by proposition 13. II 

= {(7 G Ah,, : deg{U) = 0}. 

The computation of the presentation of A'^^^^ is similar to that of A'j^^ . 

Theorem 3.16 For n = 3 or A the commutator subgroup A'j^^ of the Artin 
group Ah„ is the group generated by 

Pk = O1O2O1 ''^'^"'"^ (fc G Z), qe ~ OLlO-i^ (3 < < n), 
with defining relations 

Pkqj = qjPk+i (4<j<n), 
Pk+iPk+aPkUPk^Pk^ (fc G Z), 

Pkq3Pk+2q3^PkllQ3^ 

qiqt+iqt = qi+iqiqi+i (3 < i < n - 1). 

□ 

The second relation tells us that for k ^ 0,1,2,3, pk can be expressed in 
terms of po:Pi:P2, and ^3. Thus, A!^ is finitely generated. Abelianizing the 
above presentation results in the trivial group. Thus, we have the following. 

Corollary 3.17 For n ~ 3 or A the commutator subgroup A'^ of the Artin 
group of type Hn is finitely generated and perfect. □ 

3.3.8 Type / 

The presentation of /2(m), m > 5, is 

■^hirn) = (ai,a2 : (0102)'" = (0201)'"). 

In figure 121 the graph {l2{'>Ti)) odd is connected for m odd and disconnected 
for m even. Thus, different computations must be done for these two cases. We 
have the following. 
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Typer 


finitely generated/presented 


perfect 




yes / yes 


n = 1, 2, 3 : no, 






n > 4 : yes 




n = 2 : no, n > 3 : yes 


n = 2, 3, 4 : no. 


Bn 


/ 


n > 5 : yes 




n — ?> : yes, n > 3 : ? 




Dn 


yes/yes 


n ~ A : no. 






n > 5 : yes 


En 


yes/yes 


yes 


Fi 


yes/? 


no 


Hn 


yes/? 


yes 


him) (m even) 


no /no 


no 


(m odd) 


yes/yes 


no 



Table 2: Properties of the commutator subgroups 

Theorem 3.18 The commutator subgroup -472(„j) of the Artin group of type 
/2(to), m > 5, is the free group generated by the (m — l)-generators 

40207^''+^^ (fc e {0, 1, 2, . . . , m - 2}), 
when m is odd, and is the free group with countably many generators 
[ai,ai] (£eZ\{-(m/2-l)}), [aja^, Oi] {ieZ, j = 1, 2, . . . , m/2 - 3), 
[a"'^^''^ai,ai] (£ £ Z \ {to/2 - 1}), [ajaa, ai] (fc £ Z). 
when m is even. 

3.3.9 Summary of results 

Table 12 summarizes the results in this section. The question marks (?) in 
the table indicate that it is unknown whether the commutator subgroup is 
finitely presented. However, we do know that for these cases the group is finitely 
generated. If one finds more general relation equivalences along the lines of 
lemmas 13.31 and 13.41 then we may be able to show that these groups are indeed 
finitely presented. 

4 Local indicability 

4.1 Definitions and generalities 

A group G is indicable if there exists a nontrivial homomorphism G — > Z 
(called an indexing function). A group G is locally indicable if every non- 
trivial, finitely generated subgroup is indicable. Notice, finite groups cannot be 
indicable, so locally indicable groups must be torsion-free. 
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Local indicability was introduced by Higman |Hig40| in connection with the 
zero-divisor conjecture, which asserts that if G is a torsion-free group, then 
its integral group ring ZG has no zero divisors. Although still unsolved, the 
conjecture is true for groups which are locally indicable. 

Every free group is locally indicable. Indeed, it is well known that every 
subgroup of a free group is itself free, and since free groups are clearly indicable 
the result follows. 

Local indicability is clearly inherited by subgroups. The following simple 
theorem shows that the category of locally indicable groups is preseved under 
extensions. 

Theorem 4.1 If K, H and G are groups such that K and H are locally indicable 
and fit into a short exact sequence 

l^K G — ^ H^l, 

then G is locally indicable. 

Proof. Let gi, . . . ,gn G G, and let (gi, ■ ■ ■ ,(?„) denote the subgroup of G 
which they generate. If ip{{gi, ■ ■ ■ ,gn)) 7^ {1} then by the local indicability of 
H there exists a nontrivial homomorphism / : ip{{gi, ■ ■ ■ — ^ ^- Thus, the 
map 

foip : (gi,...,g„) >Z 

is nontrivial. Else, if ipdgi, ■ ■ ■ ,gn)) = {1} then (71, . . . G ker-0 = Im(/) (by 
exactness), so there exist fci, . . . , A:„ G K such that 4'{ki) = gi, for all i. Since 
(j) is one-to-one (short exact sequence) then : (A:i,...,fc„) — > {gi, . . . ,gn) 
is an isomorphism. By the local indicability of K there exists a nontrivial 
homomorphism h : (fci, . . . , A:„) — > Z, therefore the map 

h o (j)-^ : (gi, . . . ,5„) — > Z 

is nontrivial. □ 

Corollary 4.2 If G and H are locally indicable then so is G ® H . 
Proof. The sequence 

1 — > H — ^ G®H ) G — > 1 

where 4>{h) — (1, h) and ipid: h) = g is exact, so the theorem applies. □ 

If G and H are groups and (p ■ G — > Aut(i/). The semidirect product 

of G and H is defined to be the set H x G with binary operation 

{hi,gi) ■ (/i2, 52) = {hi ■ gi * /i2, 5152) 

where g*h denotes the action of G on H determined by (f>, i.e. g*h := <j){g){h) G 
H . This group is denoted by G. 
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Corollary 4.3 If G and H are locally indicable then so is H G. 

Proof, li ip : H yi G — > G denotes the map {h, g) \ — > g then ker?/; — H and 
the groups fit into the exact sequence 

l^H H^^G G^l 

□ 

The following theorem of Brodskii [BroSOj . |Bro84j . which was discovered 
independently by Howie |How82| . |HowOO| . tells us that the class of torsion- 
free 1-relator groups lies inside the class of locally indicable groups. Also, for 
1-relator groups: locally indicable torsion free. 

Theorem 4.4 A torsion-free 1-relator group is locally indicable. 

To show a group is not locally indicable we need to show there exists a 
finitely generated subgroup in which the only honiomorphism into Z is the 
trivial homomorphism. 

Theorem 4.5 If G contains a finitely generated perfect sugroup then G is not 
locally indicable. 

Proof. The image of a commutator [a, b] :— aba^^b^^ under a homomorphism 
into Z is 0, thus the image of a perfect group is trivial. □ 

4.2 Local indicability of spherical Artin groups 

Since spherical-type Artin groups are torsion-free, theorem 14 . 41 implies that the 
Artin groups of type A2,B2, and /2(m) (to > 5) are locally indicable. In this 
section we determine the local indicability of alP irreducible spherical-type Artin 
groups. 

It is of interest to note that the discussion in section lX^ in particular propo- 
sition!^^ shows that an Artin group Ar and its commutator subgroup fit 
into a short exact sequence: 

l^A'r^Ar Z™ 1, 

where to is the number of connected components in Todd, and degp is the degree 
map defined in 13. 21 which can be identified with the abelianization map. Thus, 
the local indicability of an Artin group Ar is completely determined by the local 
indicability of its commutator subgroup (by theorem 14. In other words, 

„4r is locally indicable ■<=> A^ is locally indicable. 

This gives another proof that the Artin groups of type A2 , i?2 , and I2 (to) (to > 
5) are locally indicable, since their corresponding commutator subgroups are 
free groups, as already shown. 

•^with the exception of type F4 which at this time remains undetermined. 



28 



4.2.1 Type A 



Aa^ is clearly locally indicable since Aa^ ~ Z, and, as noted above, is also 
locally indicable. 

For Aa-3 ) theorem 13.81 tells us A'a^ is the semidirect product of two free 
groups, thus A'a^ is locally indicable. It follows from our remarks above that 
Aa3 is also locally indicable. 

As for AAr, 1 n > A, corollary 13.71 and theorem 14.51 imply that is not 
locally indicable. 

Thus, we have the following theorem. 

Theorem 4.6 Aa^ locally indicable if and only if n ~ 1,2, or 3. 

4.2.2 Type B 

We saw above Ab2 is locally indicable. For n — 3 and 4 we argue as follows. 

Let Pl^+l denote the (n + 1) -pure braids in *Bri+i = , that is the braids 
which only permute the first n-strings. Letting 6i, . . . , 6„ denote the generators 
of Ab„ a theorem of Crisp |Cri99| states 

Theorem 4.7 The map 

(j) : Ab„ — > Aa„ 

defined by 

bi I — > fli, bn I — > 

is an injective homomorphism onto V^^l- That is, Ab„ — < ^n+i = 

By "forgetting the n*''-strand" we get a homomorphism / : Vl^^l — > 
which fits into the short exact sequence 

l^K^ Villi S„ 1, 

where K = ker f = {/3 e 'T^n+i ■ ^^"^ ^^^^ strings of P are trivial}. It is known 
that K ^ Fn, the free group of rank n. Since F„ is locally indicable and Q5„ 
{n = 3, 4) is locally indicable then so is Ab„ , for n = 3, 4. Futhermore, the above 
exact sequence is actually a split exact sequence so Ab„ — 'Pn+i — Fn >^ ^B„. 

As for ^B^, n > 5, coroUarv 13. 101 and theorem 14.51 imolv that Ab„ is not 
locally indicable, for n > 5. 

Thus, we have the following theorem. 

Theorem 4.8 Ab„ is locally indicable if and only if n < A. 

4.2.3 Type D 

It follows corollary 13.121 and 14.51 that Ad„ is not locally indicable for n > 5. As 
for Aoi, we will show it is locally indicable as follows. 
A theorem of Crisp and Paris |CPn2| says: 
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Theorem 4.9 Let Fn-i denote the free group ofrankn~l. There is an action 
p : Aa^^i — *■ Aut(i^„_i) such that Ad„ — Fn-i >^ -4a„_i a^^c? p is faithful. 

Since Aas and are locally indicable, then so is Ad^,- Thus, we have the 
following theorem. 

Theorem 4.10 Ad,^ is locally indicable if and only if n = A. 

4.2.4 Type E 

Since the commutator subgroups of .A^^ , ti = 6, 7, 8, are finitely generated and 
perfect (corollary 13. 14|) then Ae„ is not locally indicable. 

4.2.5 Type F 

Unfortunately, we have yet to determine the local indicability of the Artin group 
Af,. 

4.2.6 Type H 

Since the commutator subgroups of -4h„, n — 3,4, are finitely generated and 
perfect f corollary 13. 17() then Ah^, is not locally indicable. 

4.2.7 Type / 

As noted above, since the commutator subgroup -4^^^^^ of -4/2 (m) {m > 5) is 
a free group (theorem 13. 18|) then A'j^^ ^^ is locally indicable and therefore so is 
-4/,(m)- One could also apply theorem 14. 41 to conclude the same result. 

5 Open questions: Orderability 

In this section we discuss the connection between the theory of orderable groups 
and the theory of locally indicable groups. Then we discuss the current state of 
the orderability of the irreducible spherical-type Artin groups. 

5.1 Orderable Groups 

A group or monoid G is right-orderable if there exists a strict linear ordering 
< of its elements which is right-invariant: g < h implies gk < hk for all g, h, k 
in G. If there is an ordering of G which is invariant under multiplication on 
both sides, we say that G is orderable or for emphasis bi-orderable . 

Theorem 5.1 G is right-orderable if and only if there exists a subset V <Z G 
such that: 

V ■ V C V (subsemigroup) , 
G\{1} ^VUV^'^. 
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Proof. Given V define < by: g <hiS hg''^ G V. Given < take V = {g e G : 
Kg}. □ 



The ordering is a bi-ordering if and only if V exists as above and also 

gVg~' C V, Vg G G. 

The set C G in the previous theorem is called the positive cone with respect 
to the ordering <. 

The theory of orderable groups is well over a hundred years old. For a general 
exposition on the theory of orderable groups see |MR77| or |KK74| . We will list 
just a few properties of orderable groups. 

A group is right-orderable if and only if it is left-orderable (by a possibly dif- 
ferent ordering. The class of right-orderable groups is closed under: subgroups, 
direct products, free products, semidirect products, and extension. The class 
of orderable groups is closed under: subgroups, direct products, free products, 
but not necessarily extensions. Both right-orderability and bi-orderability are 
local properties: a group has the property if and only if every finitely-generated 
subgroup has it. 

Knowing a group is right-orderable or bi-orderable provides useful infor- 
mation about the internal structure of the group. For example, if G is right- 
orderable then it must be torsion-free: for 1 < 5 implies g < g^ < g^ < ■ ■ ■ < 

< • • • . Moreover, if G is bi-orderable then G has no generalised torsion 
(products of conjugates of a nontrivial element being trivial), G has unique 
roots: = h" ^ g = h, and if [g^^h] = 1 in G then [g,h] — 1. Further 
consequences of orderablility are as follows. For any group G, let ZG denote 
the group ring of formal linear combinations n-igi n^gk- 

Theorem 5.2 If G is right-orderable, then ZG has no zero divisors. □ 

Theorem 5.3 (Malcev, Neumann) If G is bi-orderable, then ZG embeds in a 
division ring. □ 

Theorem 5.4 (LaGrange, Rhemtulla) If G is right orderable and H is any 
group, then ZG ~ Zi7 implies G H . □ 

The following theorems give the connection between orderable groups and 
locally indicable groups (see RR02 ). The first is due to Levi (Lev43, . and the 
second due to Burns and Hale B H7'2) . 

Theorem 5.5 Every bi-orderable group is locally indicable. □ 
The Artin group of type A2, for example, shows the converse does not hold. 
Theorem 5.6 Every locally indicable group is right-orderable. □ 

Bergman |Ber91| was the first to publish examples demonstrating that the 
converse to theorem 15.61 is false. Note that the Artin groups of type An,n > 4 
are also examples of right-orderable groups which are not locally indicable. 

One final connection between local indicability and right-orderability was 
given by Rhemtulla and Rolfsen jRR,02j . 
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Theorem 5.7 (Rhemtulla, Rolfsen) Suppose (G, <) is right- ordered and there 
is a finite-index subgroup H of G such that {H, <) is a bi-ordered group. Then 
G is locally indicable. 

An application of this theorem is as follows. It is known that the braid 
groups *B„ = -4a„_i are right orderable pDRW02 and that the pure braids Vn 
are bi-orderable |KR03| . However, theorem 14. 61 tells us that Q3„ is not locally 
indicable for n > 5 therefore, by theorem 15.71 the bi-ordering on Vn and the 
right-ordering on *B„ are incompatible for n > 5. 

5.2 Ordering spherical Artin groups 

The first proof the that braid groups 58,i enjoy a right-invariant total ordering 
was given in Deh92 , peh94 . Since then several quite different approaches 
have been applied to understand this phenomenon.* The following theorems 
summarize the state of our knowledge regarding orderability of the spherical 
Artin groups. 

Theorem 5.8 The Artin groups of type An{n > 2),B, D, E, F, H and I are not 
bi-orderable. 

Proof. The Artin group of type A2 is not biorderable, as it does not have 
unique roots: aba = bab implies that (ab)^ — (ba)^, whereas ab ^ ba (their 
images in the Coxeter group are distinct). For similar reasons, the Artin groups 
of type B2 and l2{'m) are not biorderable. The others listed all contain a type 
A2 Artin group as a (parabolic) subgroup, and therefore cannot be bi-ordered. 
□ 

In other words, only the simplest irreducible spherical Artin group Aai == ^ 
can be bi-ordered. On the other hand, many of them (perhaps all those of 
spherical type) have a right-invariant ordering. 

Theorem 5.9 The Artin groups of type A, B, D and I are right- orderable. 

Proof. Type A are the braid groups, shown to be right-orderable by De- 
hornoy. Since the Artin groups of type B and / embed in type A, they are 
also right-orderable (alternatively, type / are right-orderable because they are 
locally indicable). Finally, theorem 14.91 and the fact that right-orderability is 
closed under extensions, implies the right-orderability of type D Artin groups. 
□ 

However, we do not know whether the remaining irreducible spherical-type 
Artin groups are right-orderable. One approach is to reduce the problem to 
showing that the positive Artin monoid is right-orderable. If F is a Coxeter 
graph, we define the corresponding Artin monoid ^jt to be the monoid with the 

*For a comprehensive look at this problem and all the different approaches used to under- 
stand it see the book IDDHW02I . 
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same presentation as the Artin group, but interpreted as a monoid presentation. 
That is, 

y^jt = (a G S : (a6)™"^ = (fea)™"" if niab < oo)+. 

It is known |Par02l that injects in Ar as the submonoid of words in the 
canonical generators with no negative exponents. 

5.2.1 Ordering the Monoid is Sufficient 

We will show that for a Coxeter graph T of spherical type the Artin group 
is right-orderable (resp. bi-orderable) if and only if the Artin monoid is 
right-orderable (resp. bi-orderable). One direction is of course trivial. 

Let be an Artin group of spherical- type. Brieskorn and Saito |BS72| . 
generalizing a result of Garside, have shown: 

For each U S there exist Ui,U2 £ , where U2 is central in Ar, such 
that 

u = UiU^K 

All decompositions of elements of m this section are assumed to be of this 
form. 

Suppose Ay is right-orderable, let <"*" be such a right-invariant linear order- 
ing. We wish to prove that is right-orderable. 

The following lemma indicates how we should extend the ordering on the 
monoid to the entire group. 

Lemma 5.10 IfU£ Ar has two decompositions; 
where Ui, Ui £ A^ and U2, U2 central in Ar, then 

Ul <+ U2^Ul <+U2. 

Proof. U ~ UiU2^ ~ UiU2^ implies U1U2 =p U1U2, {—p means equal in the 
monoid) since U2, U2 central and A^ canonically injects in ^r- 
If C/i <+ U2 then 

U1U2 <^ U2U2 since <"'" right-invariant, 
U1U2 <^ U2U2 since U2 central, 
^UiU2<+U2 U2 since C/i Fa =p Ui U2 , 

^Ul <+U2, 

where the last implication follows from the fact that if U2 Ui then either: 
(i) U2 = Ul, in which case U ~ 1 and so Ui = U2, a contradiction, or {ii) 
U2 <^ Ul, in which case U2U2 <^ UiU2- Again, a contradiction. 

The reverse implication follows by symmetry. □ 
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This lemma shows that the fohowing set is well defined: 

V = {U e Ar ■ U has decomposition U = UiU^^ where U2 <^ Ui}. 

It is an easy exercise to check that V is a. positive cone in which contains V^: 
the positive cone in with respect to the order <+. Thus, the right-invariant 
order on extends to a right-invariant order < on ^r, and we have shown 
the following. 

Theorem 5.11 If T is a spherical-type Coxeter graph, then the Artin group 
Ar is right- or derable if and only if the corresponding Artin monoid A^ is right- 
orderable. □ 

5.2.2 Reduction to type 

Table^shows that every irreducible spherical-type Artin group injects into one 
of type A, D, or E. According to theorem l5.9l the Artin groups of type A and 
D are right-orderable. The Artin group of types Eq and Ej naturally live inside 
Aesj so it suffices to show Ae^ is right-orderable, to conclude that all Artin 
groups are right-orderable. At this point in time it is unknown whether Aes 
is right-orderable. As section 15 . 2 . II indicates it is enough to decide whether the 
Artin monoid A^ is right-orderable. 
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